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Determination of the Separation Point in Laminar
Boundary-Layer Flows

V. A. Wehrle*
Communications Research Center, Ottawa, Canada

An analytical scheme is presented for the determination of the separation point in laminar boundary-layer flows.
Unlike conventional approaches the scheme does not require the full-field solution of the governing partial
differential equation, but rather the solution of a first-order set of ordinary differential equations defined in the
neighborhood of the leading edge. The development of the scheme is based upon the assumption, supported by
examination of several numerical solutions from the published literature, that the value of a particular parameter
of the boundary layer is invariant with respect to the nature of the external flow. This parameter is the slope,
evaluated at the leading edge, of the curve for the normalized wall shear stress vs the normalized streamwise
coordinate; its apparent value is — %. The scheme is demonstrated to compute accurately the separation points of
several flows for which comparisons with previously published results are possible. Predictions are made for the
separation points of some general classes of external flows for which complete solutions do not yet exist—includ-
ing two that exhibit incipient separation. It is suggested that the determination of the separation point for incipient
separation flows be adopted as a challenging test of accuracy in the evaluation of boundary-layer solution software
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Introduction

HE determination of the separation point in boundary-

layer flows has been the subject of many investigations
over the past few decades. The usual procedure is to apply
numerical methods to the governing partial differential equa-
tion, compute the full-field solution, and thereby obtain the
streamwise station at which the wall shear stress becomes
zero. This solution procedure is not without its difficulties; it
is well known that the wall shear stress approaches zero in a
singular fashion at the separation point, a fact that invariably
gives rise to problems of numerical convergence there. One
of the earliest documentations of such numerical difficulties
is by Hartree,! who sought to improve upon the accuracy of
Howarth’s®> solution to the linearly retarded flow problem.
Stimulated by Hartree’s numerical evidence of the presence of
a singularity at the separation point, Goldstein® undertook an
analytical investigation of the nature of the singularity. Build-
ing on his earlier work* and making certain key (but as vyet
uncontested) assumptions, he developed a formal asymptotic
solution for the flow in the immediate neighborhood of the
separation point. He concluded that the wall shear stress tends
to zero as the square root of the distance measured upstream
from the separation point. While he acknowledged that “There
is no mathematical proof that a solution exists with singulari-
ties of the type considered near separation...,” he found it
difficult to draw any other conclusions on the nature of the
singularity given the assumptions he had made. A number of
numerical solutions®!! to the separating laminar boundary-
layer problem, performed since these key early contributions,
confirm the difficulty of obtaining results in the immediate
neighborhood of the separation point due to the singularity
there. The subject of laminar separation and of singular flows
and flows that are regular at separation has been reviewed by
Brown and Stewartson.!? Their assessment of the literature
indicates “... that in general an incompressible boundary layer
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is singular at separation when the pressure gradient is pre-
scribed.” However, they point out that, from a theoretical
point of view, it is not necessary that a singularity must occur.
The specific question as to whether or not the singularity at
separation is removable has been addressed by Stewartson,'?
who applied the method of matched asymptotic expansions to
a triple-deck model. Within the limitations of the model, he
concludes that a subsonic flow cannot remain analytic near
separation and that, therefore, the singularity is not remov-
able.

In the following sections, an analytical scheme, the basic
features of which were previously introduced in Ref. 14, is
developed for the determination of the separation point. The
mathematical model is presented, a key assumption is corrob-
orated, solutions are offered for several external flows (includ-
ing two that exhibit incipient separation), and restrictions
concerning the applicability of the scheme are discussed.

Mathematical Model

Consider the steady incompressible two-dimensional laminar
boundary-layer flow past solid bodies for which the governing
equation is

fm +f I/+B(1 _f’2)=2£(f’f§"f”fg)
f(£,0)=f"(£0)=0  f(§,0)=1 (1)

Sy TAR SN
B =2£(tmu,)

Here, x and y are physical coordinates along the surface of
the body and normal to it, respectively, with x=0 at the
leading edge and y =0 at the body. The prime denotes the
differentiation with respect to 1 and subscript £ the differenti-
ation with respect to £. L and R are reference lengths of the
body, n=0 for coplanar flows and n=1 for axisymmetric
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flows. The subscripts e and oo refer to conditions at the local
edge of the boundary layer and far upstream, respectively.

Consider now the streamwise coordinate transformation
x={(By — B)/(By — Bs), where the subscripts 0 and S refer to
the streamwise stations at the leading edge and separation
point, respectively. Equation (1) and the associated boundary
conditions become

S+ f+ 1By = (Bo— Bs)x](1 - f2)
f(x,0) =f"(x,0)=0,  f'(x,0)=1 (2

Here A =§{[42(B, — B)]; and is known from the external
flowfield. Several things may be noted concerning the stream-
wise coordinate x and the transformed Eq. (2). Regardless of
the form of the external flow, x always takes on the values 0
at the leading edge and 1 at the separation point. Also, the
principal function 8 is always, by definition, a linear function
of x. Furthermore, the separation value of B or equivalently,
through the known relationship 8(£), the physical location of
the separation point appears explicitly in the governing equa-
tion. Finally, a new external flow parameter A has been
introduced and is a measure of the streamwise variation of 8.

We perform a Maclaurin series expansion of the stream
function f and the external flow parameter A in terms of x,

=2Ax(f'f—1"f)

f(x,m) = i L(m)x"

n=0

AMx)= X Ax"
n=0
where

nf(x n) A,=— L &

f(n) — n! dx"

n| ax A(X) 0

(3)

It follows that the mth derivative of f(x,n) with respect to 5
is given by

o0
) = X A ()" (4)
n=0
and the derivative of f"™(x, n) with respect to x is given by

o0

FEm(xm) = X nf () x" (3)

n=1

Substituting Egs. (3-5) into Eq. (2) and collecting terms of
equal order in x, we obtain a system of ordinary differential
equations for the f,(7). The zeroth order equation is

o +hofd + 130(1 ’f(fz) =
£(0) =£5(0) =0, fi(0) =1 (6)
which is of the Falkner-Skan type and yields the zeroth-order

wall shear stress f;’(0) corresponding to the particular value
of B,. The first-order equation is

17 Hfof U+ (L+2X0) fify — 2(Bo + o) 511
~(Bo—B)(1-1%) =
f(0)=£(0)=0,  f{(0)=0 (7

Now the solution of this equation, which contains information
on the location of the separation point explicitly through the
parameter S, is indeterminate; we cannot solve for the first-
order wall shear stress f{”(0) unless we know the value of ;.
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Alternatively, if we can obtain information on the value of
1{’(0) independently of the problem at hand, then we can
solve Eq. (7) directly for Bg. In the following section, it is
shown that this latter course of action is open to us. By
examination of several numerical solutions from the published
literature evidence is given that the value of the parameter

dr,

Tx (3

x=0

is invariant with respect to the nature of the external flow; the
apparent value is — . Here, 7,=f"(x,0)/f”(0,0) and is the
wall shear stress normahzed with respect to that at the leading
edge. The significance of this observation is immediately clear;
the boundary condition f{”(0) is precisely equal to this param-
eter multiplied by f”(0,0) so that, a priori, we are able to
write f{’(0) = — 5f;’(0). Hence, the boundary conditions for
Eq. (7) are overspecified and this enables the solution of the
parameter B¢ and, through the known external flow parameter
B(x), the physical location xg of the separation point. As can
be seen from the first-order system defined by Egs. (6) and (7),
the solution for B is dependent on the external flow only
through the leading-edge parameter pair (8;, Ay).

The Parameter dt,,/dx|, - o

In Fig. 1 is shown a plot of 7, as a function of x for the
following eight external flows, for which solutions are avail-
able in the published literature: 1) potential flow past a

circular cylinder,® 2) experimental flow past a circular cylin-
der,’ 3) potential flow past a sphere 4) linearly retarded
flow,? 5) quadratically retarded flow,” 6) quartically retarded
flow,> 7) octally retarded flow,” and 8) experimental flow past
an elliptic cylinder'”. The close bandedness of the data points
is intriguing, but of particular interest concerning the develop-
ment of the present scheme is the slope of the data at x =10
[i.e., the parameter defined by Eq. (8)]; it appears to have the
value — %. The results for flow 8 plot somewhat erratically,
especially near the leading edge. However, this is not surpris-
ing as Hartree made particular note of the difficulties he had
encountered in representing Schubauer’s observed pressure
distribution there and in subsequently integrating the
boundary-layer equations. It is to be noted also that since the
coordinate x is defined in terms of S, it follows that, to the
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Fig. 1 Invariance of the parameter dr, / dxly =o-
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extent each published solution for the location of the sep-
aration point in inexact, the track of the data points in Fig. 1
is also inexact.

In the following section, it is assumed that the parameter
defined by Eq. (8) has the value — % regardless of the nature
of the external flow. The first-order system defined by Eqgs (6)
and (7), with overspecified boundary conditions, is employed
to compute Bg for the flows shown in Fig. 1 and for some
general classes of external flows.

Numerical Results

- Table 1 gives a comparison of the presently predicted and
previously published locations of the separation points for the
eight flows considered in Fig. 1. The percentage difference,
with respect to the previously published values, is remarkably
small. Note that for flow 8 the present scheme predicts sep-
aration to occur at the physical location for which Bg=
—0.66395; however, because Hartree did not define his mod-
ified pressure distribution for values of 8 less than —0.43, it is
not possible to associate a physical location with the presently
predicted value of B;. We consider now the determination of
the separation points for some general classes of external
flows.

Symmetric Flow Past Elliptic Cylinders and Spheroids

Consider the ellipse defined in the xy plane with x axis
intersects at —1 and +1 and y axis intersects at —e and +e¢
and for which the equation is

x*+ (yz/ez) =1

The elliptic cylinder is created by an infinite extension of the
ellipse in the +z and —z directions and the spheroid is
created by a rotation of the ellipse about the x axis. If a
uniform stream is approaching from the —x direction the
potential flow is given by

U, 1+eP(€)
U \/1+52x2/(1—x2)

_ —2e2xQ(x)
A 1-x)[1-(1-)x?]

where for cylinders

P(e)=1 Q(x)=1
and for spheroids
_ e(sech e — V1 —€?) 0(x) = 2+ x(1-x%/3)

P(e)
V1 —€* —e%sech™ e

(1+x)(1-x?)

It is easy to show that the parameter pair (f,,A,) for cyl-
inders is (1,1) and for spheroids is (0.5,0.5), regardless of the
value assigned to €. The present scheme yields the solutions
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Bs = —0.66395 for cylinders and Bg = —0.43901 for spheroids.
Through the known external flow parameter 8(x, ¢), we can
compute for any value of € the separation coordinate xg or,
from the geometric relationship,

1 X

d=7—C08 ——
24 (1—e?)x?

the separation angle ¢s. The results are shown in Fig 2
together with the solution by Terrill® for the circular cylinder
and by Smith and Clutter® for the sphere.

PRESENT PREDICTION FOR COPLANAR SYMMETRIC FLOW
PAST ELLIPTIC CYLINDERS (f}s = —0.66395)

~— — — PRESENT PREDICTION FOR AXISYMMETRIC FLOW
PAST SPHEROIDS {35 = - 0.4390%)

. NUMERICALLY COMPUTED SCLUTIONS

SEPARATION POINT
140
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130—
120 H
éPHERE {SMITH & CLUTTER, 1963)
HO—‘ /
L CIRCULAR CYLINDER (TERRILL, 1960)
X
100 ~{ =
T T T T 1
0.5 1.0 15 20 25
£
Fig. 2 Separation: elliptic cylinders and spheroids.
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PRESENT PREDICTION FOR RETARDED
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n=4 (TANI, 1949)
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0.3+
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Fig. 3 Separation: Howarth-Tani flows.

Table 1 Comparison of presently predicted and previously published separation points

Physical separation point

Flow Given Computed Presently Previously Diff. from
no. Flow description By, Ag) Bs predicted published Ref.  prev. pub., %

1  Potential flow past circular cylinder 11 —0.66395 104.432 deg 104.45 deg 8 0.017

2 Experimental flow past circular cylinder 1,1 —0.66395 78.847 deg = 80 deg 9 14

3 Potential flow past sphere (0.5,0.5) —0.43901 102.915 deg 105.9 deg 9 2.8

4  Linearly retarded flow, n =1 ©,1) —0.30325 0.12404 0.120 2 34

5 Quadratically retarded flow, n =2 ©0,2) —0.34474 0.27488 0271 5 1.4

6  Quartically retarded flow, n =4 0,4 —0.40437 0.46411 0.462 S 0.46

7 Octally retarded flow, n=8 ©,8) —0.48586 0.64166 0.640 5 0.26

8  Experimental flow past elliptic cylinder 11 —0.66395 — 1.98 15 —
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Retarded Flows of the Howarth-Tani Type

For this class of retarded flows the external parameters are
given by

u

e u =2nx"[1—x"/(n+1)]
=1— =
U * B (1-)(”)2

where we shall consider values of n > 0. It is easy to show that
(By,Ap) =(0,n) and the present scheme yields a different
value of B for each value of n. Through the known external
flow parameter B(x, n) the location of the physical separation
point can be determined. The results are shown in Fig. 3,
together with the solutions of Howarth? for n=1 and Tani’
for n=2,4, and 8.

Retarded Flows of the Gdértler Type

For this class of retarded flows, the external parameters are
given by

W =[1=s(n)x]”
2n 1
B=n+1 —[I—S(n)x]"+1 ’ n# -l
B=—26(1+x), n=—1

where S(n) stands for sign of n (this formulation ensures
retarded flow whatever the sign of the exponent n). Regard-
less of the value of n, (8,,A,) = (0,1) so that the solution for

0.25

PRESENT PREDICTION FOR RETARDED
FLOWS OF GENERAL CLASS

u
0201 —=2 = [rstn]”
Voo

e  COMPUTED SOLUTIONS (GORTLER,
AS TABULATED BY BANSAL, 1980

0.10

0.05—

Fig. 4 Separation: Gortler flows.

100
INCIPIENT SEPARATION CONDITION

a=037945. X5 = 092171
0.95—] \

PRESENT PREDICTION FOR RETARDED
FLOWS OF GENERAL CLASS

Yo xoxeax® 0.90—

e COMPUTED SOLUTIONS (CURLE, 1960)
0.85—|
0.60~
Xg 075
070
0.65-4

0.60—

0.55—

[ T T T T ] T T T T T T T T 1
~10 -09 -08 -07 -06 -05 =-04 -03 -02 -01 0.0 01 02 03 oa G5

a
Fig. 5 Separation: Curle flows.
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Bs by the present scheme is the same as that for Howarth’s
linearly retarded flow (rn=1), ie. Bg= —0.30325. Through
the known external flow parameter 8(x, n), the location of the
physical separation point can be determined for any value of
n. The results are shown in Fig. 4 together with the solutions
of Gortler for n=1%, 1, 2, —1, and —2 as tabulated by
Bansal.!® Not shown in Fig. 4 because of the scale of the plot,
the present scheme yields xg—1 as n— 0 from above and
xg— o0 as n— Bg/(2— B) (= —0.13166) from below. In the
range B;/(2 — Bs) <n <0, the flow remains attached for all
finite positive x.

Retarded Flows of the Curle Type: Incipient Separation
For this class of flows, the external parameters are given by

=y — 3 5
U, Uy =%X— X"+ ax

_ (1 —x*/2+ax*/3)(1 — 3x> + 5ax*)
(1-x*+ ozx“)2

B

Regardless of the value of the parameter o, (B,,Ay)=(1,1)
and the present scheme yields the solution Bg= —0.66395.
Through the known external flow parameter B(x, a), the
location of the physical separation point can be determined
for any value of a. The results are shown in Fig. 5 together
with the solutions of Curle!’ for a= —0.12156, 0.0, and
0.07885. The results from the present scheme reveal that
Curle’s family of retarded flows contains a member that
exhibits incipient separation, for which 8 ; = B; this occurs
for the particular value a; = 0.37945 at the streamwise station
xg ;= 0.92171. For values a > a; separation does not occur at
all, whereas for values « < a, separation occurs with decreas-
ing sensitivity of the solution for x¢ to the value of a.

Because Curle’s family of external flows includes a member
exhibiting incipient separation, it is very much of theoretical
interest. However, the family does not represent external flows
past physical bodies of practical interest. In the following
section, we consider the flow past a new family of symmetric
airfoils that not only includes a member exhibiting incipient
separation, but, in addition, represents a family of streamlined
physical bodies which may be of practical interest in some
applications.

Flow Past a New Family of Symmetric Airfoils: Incipient Separation

Consider the interaction of a uniform stream of strength u
and a source of strength Q, the uniform stream approaching
from the +p direction and the source located at the origin of
the r plane where r=p +iq (see sketch in Fig. 6). There is
algebraic simplification, but no loss in generality of the prob-
lem if we specify that Q/(27u,)=1. Then, the zero stream-
line, which may be imagined as the outer surface of a solid
body deflecting the uniform stream in the same manner as
does the source at the origin, is given by p =8 /sinf, where
the polar coordinates p and 8 are defined by r = pexp(if).
The leading edge of the supposed body is located on the p
axis at a distance of +1 from the origin and the half-thickness
of it asymptotes to the line g=#. In the r plane the external
velocity ratio on the surface of the body is given by

#l,=(1/p)y1 —2pcosd + p?

where & =u,/u,. Consider now the analytic transformation

r+k
i=r- by
where k is a constant. If k is real positive} the exterior

TIf k is real negative, the exterior surface in the » plane transforms
to an interior surface in the z plane; if k is complex, airfoils with
camber as well as thickness result.
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Fig. 6 Incipience: Wehrle’s symmetric airfoil.

surface of the supposed body in the r plane transforms to the
exterior surface of a symmetric airfoil-shaped body of infinite
chord in the z plane. The coordinates of the airfoil, defined by
z = x + iy, are given by

x=pcosf — &z[ k\/(pcos0+k) +02]

= —_— _1————————
y=0-tan pcos + k

and the particular coordinates locating the maximum thick-
ness of the airfoil can be determined from the condition
dy/d8 =0, which yields the maximum thickness relation
pcosl = (1 — k)/2. After some algebra, the following parame-
ters are defined in the z plane:

al,= i, 1+ k4
U= \dz/dr o B
1 e,
= Zj(.)qud/=1—pcos0+&zp
g 2 dfdz_z_gr‘df—l( p_C D
al, dE T 2 azap\Pe® A‘f)

In the evaluation of §, L has been taken as unity and an
element of length on the airfoil is given by d#2 = dx2 + dy2.
Note that although the terms #|, and dZ appearing in the
definition of ¢ are functions of the transformation parameter
k, & itself turns out to be invariant with respect to k (it is
shown in the following, however, that the particular value £
is very much a function of k). The values for 4, B, C, and D
are given by

A=k+2(1-k)pcosd — 2p’*cos2
B=(1-k)"—2(1—k)pcosd +
C=k+(1-k)p*+(1—k—2p)pcost
D=(2-k)p*—(1—k+p?)pcost

Regardless of the value of the transformation parameter k the
parameter pair (B,A,) takes on the value (1,1) and the
present scheme yields B; = —0.66395. Figure 6 shows a plot
of the known external flow parameter 8(£, k) and it is seen
that the incipient separation condition, for which 8., = B,
occurs for the airfoil with the particular value k; = 0.88641 at
the streamwise station § ; = 2.21438. For airfoils with k < k;,

separation does not occur at all (this suggests the use of such
foils, made finite by truncation where the trailing edge is
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PRESENT PREDICTION FOR WEHRLE'S SYMMETRIC
4.0 AIRFOIL IN UNIFORM STREAM
&
3.0 INCIPIENT SEPARATION GONDITION

K=0.88641, § =2.21438

2.0~
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Fig. 7 Separation: Wehrle’s symmetric airfoil.

appropriately thin, in symmetric flow applications for low
form drag), whereas for airfoils with & > k; separation occurs
at the most upstream station for which 8= BS Figure 7 shows
a plot of £ s Vs k; it is interesting to note that there occurs a
minimum in &g (equal to 1.85557 at k = 1.0969) and that, for
large k, £; appears to take on the asymptotic behavior

N

Discussion

Table 1 and Figures 2-5 give strong evidence, by way of
comparison with previously published results, of the validity
of the present scheme. Note that the solution for the sep-
aration point is entirely enabled by the first-order system
defined by Egs. (6) and (7); i.e., higher-order systems, ob-
tained by substitution of Egs. 3-5 with n> 1, contribute no
additional information to the computation of B (and there-
fore of xg). Higher-order systems of equations do, of course,
contribute to the refinement of the solution for various field
variables of interest, such as wall shear stress distribution and
separation velocity profile. Indeed, it is intended to show in a
future publication that one can pursue an extension of the
current analytical treatment to obtain series solutions for the
field variables which converge rapidly to the correct solutions,
the convergence remaining rapid even at the separation sta-
tion.

The application of the scheme is restricted to those external
flows for which A is an analytic function of x in the domain
of the attached flow, a restriction that follows from the
requirements for analyticity in the Maclaurin series expan-
sions of Eq. (3). In this connection, we observe from the
definition of x that for those flows in which the principal
function B first increases in value with distance from the
leading edge before subsiding to the separation value, the
coordinate x first goes negative from zero at the leading edge
and then passes through zero again before reaching unity at
the separation point. An examination of the definition of the
parameter A shows that it becomes singular at the second
occurrence of x = 0, thereby rendering invalid the application
of the present scheme to such flows. Of the flows considered in
this paper, A becomes smgular in this manner only for sym-
metric flow past elliptic cylinders with €>2/y3 V3 and past
spheroids with € > /6/5. Hence the accuracy of the predic-
tions shown in Fig. 2 is questionable for values of ¢ greater
than these respective limits, although the asymptotic trend
ég — 90 deg. as € — oo is certainly to be expected. Another
flow for which the requirement for the analyticity of A in the
domain of the attached flow is not fulfilled is the incom-
pressible flow past the semi-infinite parabola at angle of attack
studied by Werle and Davis.!! For this flow, A becomes
singular in the manner herein described for a// nonzero angles
of attack and therefore the present scheme cannot validly be
applied to this problem. An interesting twist concerning ana-
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lyticity occurs for the Curle family of flows; it can be shown
that in the subfamily of separating flows (ie., for a <a;) a
singularity in A always arises regardless of the value of a, but
that in every case it arises beyond the streamwise location of
the separation point. Hence, for this family of flows, the
application of the present scheme remains valid.

Riley and Stewartson'® have examined the case n <1 of
the Gortler family of flows, which they argued represents
reasonably well the external flow in the neighborhood of the
trailing edge of slender aerodynamic shapes terminating in a
wedge with included angle 27n. Applying the method of
matched asymptotic expansions to a triple-deck model they
found that 1 — x; is of order n3/2, The present scheme yields
the global result

In 1/(n+1)
1-8(n)xs= [zn—' (n+ 1);;3]

where B is a constant (= —0.30325) and, for n— 0 from
above, gives the limiting behavior 1—xg= —2n/Bs. The
failure of the present scheme to yield the @(n*/?) limiting
behavior predicted by Riley and Stewartson'® is attributed to
the fact that the present scheme takes no account of the
transition of the flow structure, in the immediate vicinity of
the separation point, from that of the classical boundary-layer
double deck to that of a triple deck. For this reason also, the
uncertainty in the value of x; as predicted by the present
scheme is expected to be of the order of the streamwise extent
of the triple-deck flow structure. For the case under discus-
sion, this extent is @(n3/?) where n <1 and compared to
xg = 0(1), represents a very small uncertainty indeed.

For incipient separation flows, the adversity of the pressure
gradient is just sufficient to cause separation to occur at all.
The location of the separation point is extremely (in the
theoretical limit, infinitely) sensitive to small variations in the
governing free parameter of the external flow. Thus, it is
anticipated that the determination of the separation point for
incipient separation flows will present a challenging test of
accuracy for boundary-layer solution software packages. Two
such problems have been solved using the analytical scheme
described herein and the solutions for the separation point so
obtained are believed to be accurate and therefore valuable as
reference solutions.

In the introductory section to their review paper on laminar
separation Brown and Stewartson'? suggest that the phenome-
non of separation “...is closely related to the boundary layer
upstream of S. Such an intimate relation has not of course
been established beyond a shadow of doubt, either experimen-
tally or theoretically. However the contrary view, that sep-
aration and boundary layer are unrelated, leaves the breaka-
way problem as a complete mystery, with no clue to its
resolution given by experiment or theory. The view we adopt
here is that the two are closely linked....” The present
scheme demonstrates not only that the two are closely linked,
but that the separation point is in fact entirely determinable
by an analytical model defined in the neighborhood of the
leading edge alone.

Conclusions

The main conclusions to be drawn from this paper are:

1) The value of a particular parameter of the boundary-layer
flow is invariant with respect to the nature of the external
flow. It is defined by Eq. (8), and has the value — 3.
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2) An analytical scheme, involving the particular parameter,
enables the accurate determination of the separation point
from considerations of the flow in the neighborhood of the
leading edge alone.

3) Boundary-layer solution software packages can be sub-
jected to a challenging test of accuracy by solving incipient
separation flow problems. Two such problems have been
solved using the analytical scheme described herein and the
solutions for the separation point so obtained are believed to
be accurate and therefore valuable as reference solutions.

References

IHartree, D.R., “A Solution of the Laminar Boundary-Layer Equa-
tion for Retarded Flow,” British Aeronautical Research Council,
R &M 2426, 1939.

2Howarth, L., “On the Solution of the Laminar Boundary Layer
Equations,” Proceedings of the Royal Society of London, Ser. A, Vol.
164, 1938, p. 547.

3Goldstein, S., “On Laminar Boundary-Layer Flow Near a Position
of Separation,” Quarterly Journal of Mechanics and Applied Mathe-
matics, Vol. 1, 1948, p. 43.

4Goldstein, S., “Concerning Some Solutions of the Boundary Layer
Equations in Hydrodynamics,” Proceedings of the Cambridge Philo-
sophical Society, Vol. 26, 1930, p. 1.

3Tani, I, “On the Solution of the Laminar Boundary Layer Equa-
tions,” Journal of the Physical Society of Japan, Vol. 4, 1949, p. 149.

$Leigh, D.C.F., “The Laminar Boundary-Layer Equation: A method
of Solution by Means of an Automatic Computer,” Proceedings of the
Cambridge Philosophical Society, Vol. 51, 1955, p. 320.

"Gortler, H., “A New Series for the Calculation of Steady Laminar
Boundary Layer Flows,” Journal of Mathematics and Mechanics, Vol.
6,1957, p. 1.

8Terrill, R.M., “Laminar Boundary-Layer Flow Near Separation
With and Without Suction,” Philosophical Transactions of the Royal
Society of London, Ser. A, Vol. 253, 1960, p. 55.

9Smith, A.M.O. and Clutter, D.W., “Solution of the Incompressible
Laminar Boundary-Layer Equations,” AIAA Journal, Vol. 1, 1963,
p- 2062.

10K rause, E., “Numerical Solution of the Boundary-Layer Equa-
tions,” AIAA Journal, Vol. 5,1967, p. 1231.

'Werle, M.J. and Davis, R.T., “Incompressible Laminar Boundary
Layers on a Parabola at Angle of Attack: A Study of the Separation
Point,” Journal of Applied Mechanics, Vol. 39, No. 1, March 1972,
p- 7

12Brown, S.N. and Stewartson, K., “Laminar Separation,” Annual
Review of Fluid Mechanics, Vol. 1, 1969, p. 45.

BStewartson, K., “Is the Singularity at Separation Removable?”
Journal of Fluid Mechamcs Vol. 44, 1970, p. 347.

Mwehrle, V.A,, “Wall Shear Stress Behaviour for Separating
Laminar Boundary Layers,” Proceedings of Sixth Canadian Congress
on Applied Mechanics, Vancouver, 1977, p. 643.

5Hartree, D.R., “The Solution of the Equations of the Laminar
Boundary Layer for Schubauer’s Observed Pressure Distribution for
an Elliptic Cylinder,” British Aeronautical Research Council, R&M
2427,1939.

6Bansal, J.L., “On a Class of ‘Non-Similar’ Solutions of Com-
pressible Boundary Layer Equations,” Applied Scientific Research,
Vol. 36, 1980, p. 117.

17Curle N., “Accurate Solutions of the Laminar-Boundary-Layer
Equations, for Flows having a Stagnation Point and Separation,”
British Aeronautical Research Council, R &M 3164, 1960.

18Riley, N. and Stewartson, K., “Trailing Edge Flows,” Journal of
Fluid Mechanics, Vol. 39, 1969, p. 193.



